Abstract. Low-density series expansions for the backbone properties of two-dimensional bond percolation clusters are derived and analysed. Expansions for most of the 14 properties considered are new and are obtained to order p 18 on the square lattice and order p 14 on the triangular lattice. Earlier series work was confined to three properties of the square lattice and was to order p 10 . The fractal dimension of the bonds or sites in the backbone is estimated to be D B = 1.605 ± 0.015 and is intermediate between a previously conjectured field theory value and the latest Monte Carlo results. The union, intersection and length of the longest self-avoiding paths are found to have the same fractal dimension which is close to D B and consistent with the field theory conjecture for D B . On the other hand, the union intersection and length of the shortest paths are found to have different dimensions and in the case of the intersection, the triangular and square lattices are found to have sigificantly different dimensions. The fractal dimension of the shortest path also appears to be non-universal and we find d min = 1.106±0.007 for the square lattice and 1.148 ± 0.007 for the triangular lattice. Critical amplitude ratios are considered and found to be in agreement with theoretical inequalities.
Introduction
The backbone of the infinite cluster above the percolation threshold p c was considered by Skal and Shklovskii [1] and de Gennes [2] in their theoretical work on the critical behaviour of the conductivity of random resistor networks. The backbone was defined as that part of the cluster which can carry current when electrodes are placed across opposite faces of a rectangular sample. Later, Pike and Stanley [3] focused their attention on the geometry of the backbone and used Monte Carlo methods to estimate its fractal dimension, D B , and that of the cutting bonds. Here we study the fractal geometry of percolation clusters by series expansion methods.
Harris and Fisch [4] showed that series expansions in powers of p, the probability that a given bond is conducting, may be obtained by considering only finite clusters. They studied the resistive susceptibility χ R (p) and showed that the exponent γ R with which it diverges as p approaches p c from below also determines the way in which the conductivity of the infinite cluster approches zero from above p c . Later, Hong and Stanley [5] obtained similar expansions for the geometrical properties of the backbone, the exponents of which determine the fractal dimensions.
For any configuration and pair of lattice sites {u, v}, the u − v backbone, b uv , may be defined as the two-rooted graph formed by taking the union of all paths of conducting bonds connecting u and v. If u and v are not connected then b uv is the null graph. A u − v backbone variable Z uv is a random variable whose value in any configuration depends only on b uv . The corresponding 'susceptiblity' χ Z (p) is defined in a similar manner to the resistive susceptibility [4] by
where the expected value E is taken over all configurations of conducting bonds and is independent of u since all sites are assumed to be equivalent. The Z uv we consider are the numbers of bonds or sites in various subsets of the backbone. Thus χ Z (p) will diverge as p approaches p c from below and we denote the corresponding dominant critical exponent by γ Z . Another divergent function is the expected number of sites, S(p), which are connected to u by a path of conducting bonds and has critical exponent γ . The average value of Z uv may be estimated by normalizing the sum in (1) by dividing by S(p) and the resulting function has critical exponent ζ Z = γ Z − γ . If Z uv is the size of some subset of bonds or sites the fractal dimension of the subset is given by d Z = ζ Z /ν where ν is the critical exponent of the connectedness length. For example, if Z uv is the number of bonds in the whole backbone b uv then d Z = D B , the fractal dimension referred to above.
In this paper we analyse the series expansions corresponding to 14 different Z uv variables. The first four of these are the numbers of bonds or sites in either the union or intersection of all paths connecting u and v and the corresponding ζ Z exponents will be denoted by ζ BU , ζ SU , ζ BI and ζ SI . Note that ζ BU = νD B since the union of paths gives the whole backbone. The bonds which lie in the intersection are also known as nodal or cutting bonds and Coniglio has shown [6] that ζ BI = 1. A further four functions may be defined by considering only the shortest paths connecting u and v. The union of these paths has been called the elastic backbone [7] and its fractal dimension denoted by D E . A certain duality has been shown to exist between shortest and longest paths [8] and we also consider the susceptibilities arising from the numbers of bonds and sites in the union and intersection of the longest self-avoiding paths. The final two functions we consider are obtained by taking Z uv to be the length of either the shortest path or the longest self-avoiding path in the backbone the exponents of which are denoted by ζ min and ζ max . The first of these exponents is related to the spreading dimensiond [9, 10] , byd = /ζ min where in two dimensions the gap exponent has the value [11] 91 36 . The exponents defined above clearly satisfy the following constraints, some of which were given by Coniglio [12] . The exponents for the whole backbone satisfy
For the shortest paths
and for the longest paths
The equalities for bond and site unions follow from the fact that the union of paths is a connected subgraph of the lattice and if such a graph has s sites and b bonds then
where z is the lattice coordination number. Similarly, the bond and site intersections are subsets of the elements of a single chain and the equality of the intersection exponents follows from the relation
Hong and Stanley [5] obtained series expansions for χ BU (p), χ min (p) and χ BI (p) to order p 10 on a general hypercubic lattice. Here the susceptibilities are those corresponding to all paths. By restricting our attention to the square lattice we have extended their work by a further eight terms and obtained agreement with all but their last term. More recently, Adler et al [13] derived an expansion to order p 13 for a function having the same critical exponent as χ BU (p). This arose in their study of the moments of the current distribution and is the zeroth moment of that distribution. It is in fact equal to the number of bonds in the path union which actually carry a non-zero current. Some bonds in the union carry zero current due to symmetry, for example this will occur for a balanced Wheatstone bridge. The smallest example of this on the hypercubic lattice occurs at order 7 which accounts for the fact that only the first six terms of [13] agree with Hong and Stanley [5] who used the definition given here. In order to obtain further independent estimates of the two-dimensional critical exponents we have also generated the first 14 terms for the same functions on the triangular lattice.
Recent Monte Carlo work on the fractal dimension D B has produced apparently very accurate results which disagree with the rational value D B = 1 9 16 = 1.5625 allowed by conformal field theory which was considered as a possibility by Larsson [14] and conjectured as exact by Saleur [15] . Using high-statistics simulations of bond percolation on the square lattice, Grassberger [16] found D B = 1.647±0.004 and independently Rintoul and Nakanishi [17] obtained D B = 1.64±0.01. The large majority of our estimates favour the intermediate value D B = 1.605 ± 0.015 but it is possible to find series and methods of analysis which agree with either the Monte Carlo or field theory values. Earlier Monte Carlo work gave 1.62 ± 0.02 for bond percolation on the square lattice [18] and for the triangular lattice, 1.61 ± 0.01 for site percolation [19] and 1.62 ± 0.06 for bond percolation [20] . The series analysis of Adler et al [13] , using their 13 term expansion of the zeroth moment of the current distribution, gave D B = 1.55 ± 0.06 in agreement with the field theory. However, they comment that a higher value would be found by adjusting the correction to scaling exponent to agree with that obtained from the mean size expansion.
Our results for the intersection of all paths confirm Coniglio's result [6] 
term by term in the expansion, which leads to ζ BI = 1, and our analysis of the χ SI (p) expansions is consistent with ζ SI = 1. Table 1 shows the ζ -exponents corresponding to the shortest path susceptibilities.
The results are consistent with the equalities in (3) and we conclude that the inner inequalities are strict (ζ SI < ζ min < ζ SU ). By comparison, Herrmann et al [7] found from Monte Carlo on the square lattice that ζ SI = ζ min = ζ SU = νD E with D E = 1.10 ± 0.05. Our exponents for path unions are the same for square and triangular lattices and give a fractal dimension for the elastic backbone D E = 1.185 ± 0.015. However, it can be seen from table 1 that the exponents for the path length and path intersection appear to depend on the lattice which raises the question of possible non-universality for these functions. The difference for the intersection is well outside our estimated errors. Converting to fractal dimensions we find d min = 1.106 ± 0.007 on the square lattice and d min = 1.148 ± 0.007 for the triangular lattice. A difference in the same direction exists in the more recent Monte Carlo values 1.130 ± 0.002 [9] , 1.1307 ± 0.0004 [16] for the square lattice and 1.15 ± 0.02 [19] for the triangular lattice. Earlier estimates of ζ min are summarized in [10] where it is denoted by ν .
Note that ζ for the path intersection on the square lattice is close to ν = 4 3 which means that this subset is essentially one-dimensional whereas for the triangular lattice it has fractal dimension 1.10 ± 0.01 similar to that for the shortest path length on the square lattice.
In the case of the longest paths our analysis strongly suggests that all of the exponents in (4) are equal, indicating that there is typically only one longest self-avoiding path between two connected sites in any given configuration. The values for the triangular lattice are better converged and are all consistent with a common exponent ζ max = 2.08 ± 0.03. Some of our estimates for the square lattice lie below this range but the results are generally less well converged and there is no strong evidence of non-universality. It is interesting to note that ζ max = 25 12 is a possible rational value which would be equal to νD B using the field theory value [14, 15] of D B and ν = . From (2) it follows that ζ max νD B and equality would hold if the longest self-avoiding path were typically close to Hamiltonian.
Derivation of the series expansions
The methods used in deriving the series expansions have been described previously [8, 21] . To order 16 on the square lattice we used both the 'weight factor' method and the 'extended perimeter method' to provide a check on the programming. However, when many different functions are being expanded the latter method is more efficient and this was used to extend the square and derive the triangular lattice series. The methods will now be summarized.
A set of self-avoiding paths connecting the root points of a two-rooted graph will be said to cover the graph if every edge belongs to at least one of the paths. A two-rooted graph is a backbone if the set of all self-avoiding paths covers the graph. To obtain the expansions to order p n both methods require the compilation of a list of non-isomorphic subgraphs {g 1 , g 2 , . . .} of the lattice which can be made into backbones by choosing two of the vertices to be root points. Let B(g i ) be the set of all possible backbones obtained by assigning the root labels u and v to two of the vertices of g i . For example if g i is a chain of any length then just two backbones can be formed by rooting the terminal vertices. Let the list be partially ordered so that if i < j then g i ⊂ g j . The lattice constant L i of g i is the number of inequivalent ways in which g i can occur as a subgraph of the lattice where two subgraphs are equivalent if they differ only by a translation. The number of edges in g i will be denoted by i .
The weight factor method is the simplest to describe and is based on the formula
where the weight W Z (g i ) depends on Z and g i but is independent of the lattice. It may be Table 2 . Correspondence between Z and Z * .
The partial weight w(b) of the backbone b is given by
where P is the set of all self-avoiding paths connecting the roots of b. It is shown in [8] that Z * is in some sense dual to Z. Thus if Z = X, the number of elements (bonds or sites) in the intersection of P , then Z * K = U K , the number of elements in the union of the paths K. Further, if Z = X min , the number of elements in the intersection of the shortest paths of P , then Z * K = U max K , the number of elements in the union of the longest paths in K. Table 2 lists all of the required correspondences. L min and L max are respectively the lengths of the shortest and longest paths.
The extended perimeter method [21] is essentially a rearrangement of the weight factor method in which the weight is calculated directly in terms of Z and is therefore easily changed to obtain the expansion of a different function. The penalty for this is that the lattice information L i p i has to be replaced by an infinite series θ i (p) which is truncated at order p n . The method uses the following equations
with
The θ functions are calculated by solving the following equations recursively
where m is the number of graphs in the list with n edges and B ij is the number of subgraphs of g j which are isomorphic to g i . The matrix B is upper triangular as a result of the assumed ordering of the graphs. The θ function of a given graph g i is obtained by starting with L i p i and subtracting a linear combination of the θ functions of its supergraphs which are in the list. Thus, if the series are required to order p n then, correct to this order, graphs with n edges have
The extended perimeter method is demonstrated to order p 7 in [21] . Both methods require generation of the graph list and corresponding lattice constants which was done in the following stages.
(a) A list G of lattice subgraphs is made having no articulation points and n edges.
(b) Two further lists R 1 and R 2 are made by rooting the graphs of G with one or two roots respectively in all possible inequivalent ways.
(c) A list of nodal graphs N is made by stringing together the graphs in R 1 and R 2 . A nodal graph with k non-nodal parts {h 1 , h 2 , . . . , h k } is obtained by choosing h 1 and h k from the list R 1 and any intermediate non-nodal parts are chosen from R 2 . The graphs are then joined at their root points in all possible ways taking account of symmetry to avoid duplicates.
(d) The lists G and N are merged in the required partial order and stored on disk for further processing.
(e) The lattice constant is calculated for each graph and stored along with its description. In the weight factor method the Z * functions for the path subsets are computed and hence the weight W is calculated for each graph in the list. The series are then formed using (8) .
In the extended perimeter method the θ functions are next calculated and then the weights Y in terms of Z. The calculation of Y is relatively fast since path subsets are not required. The series are then formed using (11) .
The resulting expansions for the triangular and square lattices are given in the appendix. In calculating the size of the site unions and intersections we have not counted the intial site u and path length is measured in terms of bonds rather than sites. These conventions make the constant term in all of the χ expansions equal to zero. Since we are considering bond percolation the site u is always present and the effect of counting this site would be to make the first term of the χ expansion equal to 1 and hence the critical exponent would be unchanged. In estimating the critical exponents we have considered the expansions with the first term equal to both 0 and 1.
The correctness of our graph generation code was checked by comparison with the results of Conway and Guttmann [22] who generated the first 18 terms of the mean size by bonds on the square lattice by an independent method.
Analysis of the expansions
The expansions were analysed on the assumption that as p approaches p c from below
where γ Z is the critical exponent and 1 is the leading correction to scaling exponent. The subscript indicates that 1 is the first of a sequence 1 , 2 , . . . of correction exponents and distinguishes it from the gap exponent of the cluster size distribution. The dependence of 1 on Z has been supressed but we have no reason to believe that it is the same for all properties considered. This is a notational convenience and the relevant property will always be clear from the context. For the square lattice p c = 1 2 and for the triangular lattce p c = 2 sin(π/18).
For each of the 28 χ expansions we have obtained nine estimates of the corresponding critical exponent. Three Padé approximant methods which allow for corrections to scaling were used; the method of Adler et al [23] which was called M2 in [24] , the M1 method [24] and the method of Baker and Hunter (BH) [25] . Each method was applied to the expansions of 1 + χ(p), χ(p)/p and dχ(p)/dp. The error assigned to each estimate is a measure of the consistency of the corresponding Padé approximants but the overall error in a given exponent is better measured by the spread in the different estimates (see also [26] ).
The M2 method was nearly always satisfactory and gave the best convergence. The BH method frequently gave results which were difficult to analyse due to the occurrence of defects which disturbed the estimate of the dominant exponent and made a meaningful estimate of 1 impossible. These defects occurred mainly in the higher-order approximants and in this case disappointingly little use could be made of the terms of the expansion which contained the most significant information.
The results of the exponent analysis are listed in tables 3, 5, 6, 8-10. In the tables an asterisk by the Baker-Hunter estimate means that no satisfactory estimate of 1 could be obtained due to the widespread appearance of defective approximants. A dagger in an M2 row indicates that the γ versus 1 distribution was poorly converged but rather flat so that γ Z could be estimated but not 1 . A double dagger in an M1 or M2 row indicates that there was a strong variation of γ with 1 with no obvious converged region so that neither exponent is estimated.
The critical amplitude A Z was estimated by a method similar to M2. Assuming a value for γ Z the series expansion of α Z (p) = χ Z (p) ( 1 − p/p c ) γ Z in powers of p was first formed. Corrections to scaling were taken into account by using the transformation
In terms of y
Assuming a value of z, p was expanded as a series of powers of y and then substituted into the expansion of α Z (p). Padé approximants were then made to the resulting series in y and evaluated at y = 1 to obtain an estimate of A Z . A sequence of values of z in the range 0.5-3.5 was used and, from (16), the best convergence should be obtained when z = 1 since the first correction to scaling is then analytic as a function of y. In cases when two functions have the same critical point and exponent the ratio of their amplitudes may be estimated in a similar way by first forming the power expansion of the ratio of the functions and using it instead of α Z (p). Table 3 shows the estimates of ζ for the number of bonds and sites in the intersection of all paths (nodal bonds and sites in the backbone). The column headings emphasize that ζ Z is obtained by estimating γ Z and then subtracting the value γ = 2 7 18 [11] which is normally accepted as being exact. Coniglio has shown that ζ BI = 1 and in the introduction we showed that ζ SI = ζ BI so that our data is merely indicating the accuracy to be expected in the subsequent series analysis. Notice that the error bars on individual estimates are smaller than the general spread of values and that the exact value in many cases falls slightly outside the quoted ranges. For the triangular lattice the estimates of ζ SI are consistently a few per cent higher than the theoretical value. This will be relevant to the discussion of results in subsequent cases when exact values are not known. It must be borne in mind that the error bars are a subjective measure of the convergence of the Padé approximants and are not strict bounds. The general spread is therefore a more reliable indicator of the accuracy. The observations on the data of table 3 made in the following two paragraphs apply to all subsequent tables.
Intersection and union of all paths

Intersection of all paths.
In methods M1 and M2 a range of Padé approximants is considered, each of which would determine the exact values of γ Z and 1 if the higher-order terms in (14) were not present. In practice a given approximant defines a curve in the γ Z − 1 plane and with the aid of a graphics displays a region of the plane is then sought in which the majority of curves have coalesced. The quoted ranges of γ Z and 1 define the limits of this region. Notice that the range of 1 is much wider than that of the leading exponent. More importantly, the estimates of 1 for a given property and lattice depend quite strongly on the series and SI /dp M1 ‡ ‡ 1.02 ± 0.01 0.9 ± 0.15 BH 1.02 ± 0.03 1.30 ± 0.11 * * method used. The functions 1 + χ Z , χ Z /p have the same two leading exponents but the higher-order terms are different. Differentiating χ Z with respect to p shifts all the exponents by 1 but changes the relative amplitudes. Also, the preprocessing which is carried out in the M1 and M2 methods treats the higher-order terms differently. The wide spread of 1 estimates is showing that a two-exponent fit is not really adequate and that only an effective correction to the scaling exponent is being estimated. Much longer series would be required before the true leading correction to scaling exponent could be singled out. However, the inclusion of 1 in the analysis is important in producing more reliable estimates of the leading exponent [23, 24] . In principle the BH method allows all of the correction to scaling exponents to be estimated by defining a modified function which has a different pole for each correction term. The leading exponent comes from the pole closest to the origin and with only a limited number of terms in the expansion of this function available the poles in the Padé approximants often only give good convergence to this pole. The poles further away from the origin are much less well represented by the approximants and it is sometimes impossible to determine even the first correction. The range of 1 given in the table was determined only from those approximants for which the estimate of ζ Z fell within the quoted range.
Since χ SI and χ BI have the same critical point and exponent, their amplitude ratio may be found by the method described in the introduction to this section. The results for the two lattices are shown in table 4 together with the estimated correction to scaling exponents. The ratios depend on the choice of 1 and the error bars on the ratios correspond to those chosen for this exponent. The range of the amplitude ratios is determined by equation (6) which gives
The lower limit corresponds to the nodal bonds being connected in a single chain whereas the upper limit would be achieved if the nodal bonds were completely disjoint. The values we find suggest that the nodal bonds form chains of average length 4 for the square lattice and 3 for the triangular lattice.
Union of all paths.
The data for the union of all paths is given in table 5. Bearing in mind our comments for the path intersection data, the estimates are consistent with the exact relation ζ BU = ζ SU . For the path union the exponent is unknown but there is a conjectured exact value ζ BU = 25 12 = 2.083 33 . . . based on conformal invariance [15] and accurate Monte Carlo estimates 2.196 ± 0.005 [16] and 2.19 ± 0.01 [17] . Our results mostly lie between the theoretical and Monte Carlo values. Those for the bond union are clustered around 2.14 which is midway and the site union results for the square lattice are consistent with this. On the other hand, the site union results for the triangular lattice are scattered around the Monte Carlo value. However, our estimates for the site intersection exponent on the triangular lattice were above the exact value and we therefore favour the square lattice data.
The amplitude ratio A BU /A SU is estimated in table 4. From (5) it follows that
The lower limit corresponds to the backbone being a single chain whereas the upper limit would be achieved for compact clusters. The data suggests an effective coordination number for sites in the backbone of about 2.4 for the square lattice and 2.5 for the triangular lattice. We note that by going from the square lattice to the triangular lattice the amplitude ratios for the intersection and union increase by the same factor.
Union, intersection and length of shortest paths
The data for the union and intersection of shortest paths are given in table 6. Again the results are clearly consistent with equality of bond and site exponents for both union and intersection. The only surprising feature of the exponents is that in the case of the intersection, the results for the square and triangular lattices are very different. The value for the square lattice corresponds to a fractal dimension of about 1, whereas that for the triangular lattice is 10% higher. This difference is well outside the error to be expected Table 5 . Estimates of the ζ -exponent for the union of all paths.
Square
Triangular
(a) Bond union M2 2.128 ± 0.003 3.10 ± 0.15 2.14 ± 0.25 1.8 ± 0.2 1 + χ BU M1 2.14 ± 0.01 2.2 ± 0.3 ‡ ‡ BH 2.14 ± 0.02 1.9 ± 0.4 2.14 ± 0.03 0.70 ± 0.03 M2 2.08 ± 0.02 1.60 ± 0.05 2.15 ± 0.02
1.47 ± 0.15 2.14 ± 0.01 1.87 ± 0.12 M2 2.140 ± 0.005 2.25 ± 0.05 2.20 ± 0.01 1.5 ± 0.1 dχ BU /dp M1 2.138 ± 0.020 2.00 ± 0.25 2.16 ± 0.03 1.5 ± 0.2 BH 2.14 ± 0.02
1.56 ± 0.72 2.14 ± 0.02 0.7 ± 0.1 14 ± 0.04 1.5 ± 0.5 BH 2.14 ± 0.30
1.93 ± 0.53 2.17 ± 0.07 1.53 ± 0.24 M2 2.11 ± 0.02 1.80 ± 0.05 2.21 ± 0.01 2.00 ± 0.12 dχ SU /dp M1 2.14 ± 0.01 1.5 ± 0.2 2.22 ± 0.02 1.3 ± 0.2 BH 2.17 ± 0.02
1.05 ± 0.08 2.22 ± 0.02 2.0 ± 0.8 from the spread of results for each lattice taken separately and strongly suggests that this exponent is non-universal. The amplitude ratios for intersection and union are given in table 7. The same inequalities apply as for the 'all path' ratios but for the shortest paths the ratios are closer to the bottom of the ranges. This is particularly noticeable in the case of the path intersection which means that the nodal bonds of the elastic backbone are partitioned into longer chains, there being fewer parallel paths in the backbone. Based on the data, the average chain length for large clusters is about 13.
The exponent estimates for the shortest path length are given in table 8. As for the nodal bonds there is a noticeable difference between the exponents for the square and triangular lattices but this time it is only 4% and may not be significant. The values lie between those for the union and intersection in agreement with the inequalities of equation (3) which appear to be strict. The exponent of the square lattice is the same as that for the nodal bonds on the triangular lattice.
Union, intersection and length of longest self-avoiding paths
The main feature which is apparent from the longest path data in table 9 is that the exponents for the union and intersection are the same and independent of the lattice.
In addition to the exact equality of bond and site exponents we further conjecture that ζ BI = ζ BU . Equation (4) then implies that the longest path length exponent ζ max also has the same value. This is borne out by the path length data in table 10. The equality of these exponents would be explained if the longest self-avoiding path between two points on a typical cluster near the critical point were unique. If, further, the longest path visited nearly all of the sites in the backbone then the path length would be essentially equal to the number of sites and we would get ζ max = νD B . Comparing the data in table 5 with that in tables 9 and 10 we see that the estimates of ζ max are about 3% lower and are closer to the rational value 25 12 which is the field theory conjecture [15] for νD B .
Assuming that ζ BI = ζ SI = ζ max = ζ SU = ζ BU we have determined the ratios of the amplitudes corresponding to the last four exponents to that of the first and find that they form an increasing sequence as expected. The data is given in table 11. The bond-to-site ratios for both intersection and union are very close to 1 which is consistent with them typically being a single longest path.
Discussion
Our results for the longest self-avoiding paths suggest that the union, intersection and length exponents are all equal and the common value of ζ found is close to 25 12 which is the field theory value for the union of all paths [14, 15] . This would be explained if the longest path on a typical backbone visited nearly all of the backbone sites. Our estimate of ζ BU for the union of all paths is about 3% higher than the field-theory value but in view of the discussion in section 3.1.1 this difference may not be significant. However, the most recent Monte Carlo results [16] give a value which is 6% higher than the field theory. The exponents for the union, intersection and length of the shortest paths are found to be different. The values are shown in table 1 and in the case of the union, the square and triangular lattice estimates for both bond and site unions are consistent with a common value as expected. On the other hand, the exponent estimates for bond and site intersections agree well with the theoretical equality but they appear to be lattice dependent. As can be seen from table 6, the difference between the lattices is consistently at the 10% level which is much greater than any deviations from the theoretical value found for the intersection of all paths in section 3.1.1. A difference of smaller magnitude but in the same direction also occurs for the shortest path length but this is of smaller magnitude. It is difficult to attribute the difference in the case of the intersection to errors arising from short series effects in view of the general overall consistency of our results for other properties. This apparent violation of universality deserves further investigation. We know of no field theory formulations from which universality would follow in the case of shortest paths.
